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The definition of Minkowski’s “Fragefunktion” ?(x) is recapitulated. This 
function is compared to a function L(x) introduced by the author in 1926. It is 
shown that the inverse function P(W) =x to the function L(x) is related to the 
Fragefunktion through ?(w) = P(w) - 1. 
By a Minkowski function we shall mean here any continuous function 
which, in one way or other, maps an arithmetical continued fraction to a 
series of powers of 2, or vice versa. It is the purpose of this paper to give the 
relation between two such functions, of which definitions have been given 
independently in the literature. 
MINKOWSKI’S “FRAGEFUNKTION” ?(x) 
Lucas [l] denoted as Brocot’s series the following system of rational 
fractions: O/l, l/O; O/l, l/l, l/O; O/l, l/2, l/l, 2/l, l/O; O/l, l/3, l/2, 2/3, 
l/l, 312, 2/l, 3/l, l/O; . . . . where the (m + 1)th series is obtained from the 
m th series by inserting the fraction “median? (a + c)/(b + d) between any 
two consecutive fractions a/b and c/d. Here we shall let ~2’ denote the 
(n + 1) th fraction of the (m + 1)th Brocot series. 
In a rectangular plane coordinate system Minkowski [2] considered the 
segment from (0; 0) to (1; 0) on the x axis and the segment from (0; 0) to 
(0; 1) on the y axis. Further, Minkowski considered those Brocot fractions 
<l for which m > 1. For each m these fractions are then placed on the just 
mentioned segment of the x axis. Thus, for a given m we get the points 
ug’=o , 24:) = l/m,..., u(‘~-‘) = 1 m (1) 
* Deceased March 25, 1981. The paper has been edited by N. G. Sjostrand, Department of 
Reactor Physics, Chalmers University of Technology, S-41296 Goteborg, Sweden. 
47 
0022-3 14X/83 $3.00 
Copyright 0 1983 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
48 FOLKERYDE 
since obviously the number of elements u:’ for a given m. which lie on the 
segment in question, is 2”-’ + 1. 
Now Minkowski made a similar division of the segment on the 4’ axis. 
which also shall contain 2”-’ + 1 points, viz. 
0. l/2+‘. 212” -I ,..., 2m--1pm-’ = 1 (2) 
obtained by successive bisections of the intervals. 
Finally, Minkowski coordinated the elements of sets (1) and (2) and thus 
arrived at the point graph of a function (the “Fragefunktion”), which he 
denoted ? (x) 
?(ug’) = n/2”-‘. (3) 
In passing, Minkowski remarked that this function by the demand of 
continuity could be extended to a function of all real numbers in the interval 
o<x< 1. 
Minkowski’s definition of the “Fragefunktion” has been recapitulated in 
[3]. In later years the function has been studied by among others Denjoy 
[4], Salem [5], Kinney [6], and Chatterji 171. 
Two FUNCTIONS DEFINED BY RYDE 
Without knowing anything about Minkowski’s short sketch the author of 
this paper in 1926 published [S]. Here studies were made of two real, 
continuous, monotonously increasing functions, L(x) and its inverse P(w), 
where L(X) is defined for x > 0, and P(w) is defined for all real w. The 
functions are not analytical. 
A general detinition of the function L(x) is given on p. 99 of [8]. For the 
purpose of this paper it is sufftcient to introduce the function in a less 
general way. Assume that x is a number in the interval 1 < x < 2. It may 
then be expressed as a finite or infinite sum of powers of f: 
x= 1 +&+G+ ..*, 
where l<s,<s,<.*.. The function L(x) is then defined as the continued 
fraction 
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L is strictly increasing with L(1) = 0, L(2) = 1. The inverse function P(W) is 
obtained through the relation 
P(,~-,~-,~l-...)=l+~+~+...- (6) 
The postulated functional relation 
L(x - 2”) = L(x) + m, (7) 
where m is a positive or negative integer, makes it possible to extend the 
results from the interval 1 <x < 2 to all positive x. The corresponding 
relation for the inverse function is 
P(w + rn) = 2mP(w). (6 
THE RELATION BETWEEN THE FUNCTIONS ?(PV)AND P(w) 
It can now be proven that the function P(w) is related to Minkowski’s 
function ?(x) in the following way 
?(w) = P(w) - 1. (9) 
To do so we refer to [8, Chap. 11, where the properties of Brocot’s series are 
discussed. The following formula was arrived at there: 
U(n) = 
1 
m  
m-L(n)’ 
By aid of this formula relation (3) can be written 
Using functional relation (7) the expression m -L(n) can be written 
1 - (L(n) - (m - 1)) = 1 - L(n/2m-1). Hence ug’ can be expressed as 
l/( 1 - L(n/2”-‘)), and relation (11) becomes 
? 
( 
1 
1-~(~/2m-l) =nl2 
1 
m-l 
which can be written 
? (1 -L(xl)) =x1, (13) 
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where x1 denotes a rational number of the form n/2”- I, for which 
0 ,< x, < 1. In [S] these points are called the prlmary points, and it was 
shown there how the function L(x,) by extension can be defined also for 
every other value in the interval considered, the secondary points. According 
to a theorem of Broden [9] this function is then continuous, say L(x). 
Therefore relation (13) can be generalized to 
which holds for 0 < x < 1. But according to [8, p. 971 
1 
1 - L(x) 
=L(x+ 1) 
so that 
?(L(x + 1)) =x. 
(14) 
(15) 
(161 
Setting L(x + 1) = w and using the fact that P(W) is the inverse function to 
L(x) we have x = P(W) - 1 and thus finally 
?(w) = P(w) - 1. (17) 
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